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Abstract. We introduce the notion of a conformally Fedosov 
structure and construct an associated Cartan connection. 



1. Introduction 

On a Riemannian manifold there is a unique torsion-free connection 
on the tangent bundle preserving the metric. Known as the Levi Civita 
connection, it is the basis for doing calculus and understanding the 
geometry on such a manifold. On a symplectic manifold, there is no 
preferred connection. Instead, there are many symplectic connections , 
torsion-free connections preserving the symplectic form. Choosing one 
defines what is known as a Fedosov manifold [8J. 

On a conformal manifold there is no preferred connection on the 
tangent bundle: each metric in the conformal class gives rise to its 
own Levi-Civita connection. Instead, a conformal structure induces a 
canonically defined Cartan connection §1.6.7]. It is the basic object 
in conformal differential geometry, can be regarded as a connection on 
an auxiliary vector bundle [3], and whose curvature provides the first 
conformal invariant. 

On a projective manifold [3, §4.1.5], there is an equivalence class of 
torsion-free connections on the tangent bundle. Again, it is the Cartan 
connection, built from these affine connections, which may equivalently 
be regarded [3] as a connection on some auxiliary vector bundle and 
whose curvature is the basic projective invariant. 

On a conformally symplectic manifold [13] there is a local equivalence 
class of symplectic forms defined only up to scale. In this article we shall 
show that one can combine projective differential geometry with the 
notion of a Fedosov manifold to obtain what we shall call conformally 
Fedosov manifolds. They are obtained by adding further structure to 
a conformally symplectic manifold and have the remarkable property 
that a canonical Cartan connection can then be constructed. This lies 
outside the realm of parabolic differential geometry [5] . 
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1.1. Notation and terminology. Notice that we are choosing to 
write 'conformally Fedosov' rather than 'locally conformally Fedosov' 
or 'locally conformal Fedosov.' These various alternatives are regularly 
employed in the context of Kahler or symplectic geometry. Our usage 
is chosen for several reasons. Firstly, we suppress the word 'local' in 
our terminology. In this we follow by analogy the standard convention 
that the round metric on the sphere is 'conformally flat' rather than 
being 'locally conformally flat,' for example. Secondly, our terminology 
is reasonably succinct. Thirdly, for Kahler geometry the corresponding 
terminology of 'conformally Kahler' was introduced by Westlake [Ti] 
already in 1954. 

We shall often need to manipulate tensors on a smooth manifold and, 
for this purpose, we shall use Penrose's abstract index notation [11]. In 
brief, covariant tensors will be decorated with subscripts, contravariant 
tensors with superscripts, and the natural pairing between vectors and 
1-forms by repeating an index X a u) a in accordance with the 'Einstein 
summation convention.' For any tensor <ft abc we shall write <p( a bc) fo r its 
symmetric part and (p[ abc } for its skew part. For example, to say that 
u ab is a 2-form is to say that u ab = 0J[ a b] or, equivalently, that <f>^ = 
and, for any torsion- free connection V a , the expressions 

V [a u bc] and X a V a uj bc - 2(y [b X a )u c]a 

deliver the exterior derivative of u ab and the Lie derivative of u ab in 
the direction of the vector field X a , respectively. 

We shall write A p for the bundle of p-forms on a smooth manifold, 
suppressing the name of the manifold itself. The exterior derivative 
will be denoted by d : X p A p+1 . 

2. Conformally symplectic manifolds 

In the first instance, a conformally symplectic manifold [H Q2] is an 
even-dimensional manifold M of dimension at least four equipped with 
a non-degenerate 2-form J such that 

(1) dJ = 2aAJ 

for some closed 1-form a. Non- degeneracy of J ensures J : A 1 — > A 3 is 
injective whence a is uniquely determined by J, should such a 1-form 
exist. It is called the Lee form [9] and, in case dimM > 6 we see that 

= d 2 J = 2da A J + 2a A dJ = 2da A J + Aa A a A J = 2da A J 

and, as J A _ : A 2 — > A 4 is injective, closure of a is automatic. If 
we rescale J by a positive smooth function, say J = Q 2 J, then ([TJ) 
remains valid with a replaced by a = a + T for T = d log CI. Hence, 
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the notion of conformally symplectic is invariant under such rescalings 
(and also in dimension 4 since dT = 0). Locally, we may use this 
freedom to eliminate a and obtain an ordinary symplectic structure. 
Globally, however, this need not be the case. For example, the rescaled 
symplectic form 

J = (l/||x||) 2 (dx 1 A dx 2 + dx 3 A dx 4 + ■ ■ • ) 

on M. 2n is invariant under dilation x t— > Xx and, therefore, descends to 
a conformally symplectic structure on S 1 x S* 2 "" 1 whereas there is no 
global symplectic form on this manifold. 

More precisely, a conformally symplectic manifold is a pair (M, [J]) 
where [J] is an equivalence class of non-degenerate 2-forms satisfying 
(JTJ) where J and J are said to be equivalent if and only if J = Q 2 J 
for some positive smooth function Q. As one often does in conformal 
geometry in which a Riemannian metric is only defined up to local 
rescaling g \-t g = Q 2 g, it is usual to pick a representative J and 
work with that representative, whilst checking that one's conclusions 
are independent of this choice. The basic example of this approach is in 
noting that the requirement ([T]) is itself independent of such a choice. 

3. Projective manifolds 

A projective structure j6] on a manifold M is an equivalence class 
of torsion-free affine connections on M, where two connections V a and 
V a are said to be projectively equivalent if and only if 

(2) V a <f) b = V a <f) b - v a <j) b - v b <f) a 
for some 1-form v a . 

Lemma 1. If J ab is skew, then 

V( a J b ) c = V( a J b ) c — 3z/( a J b ) c . 

Proof. The Leibniz rule extends (J2J) to all other tensors. Thus, 

V a J bc = V J6c — 2z/ a J bc — v b J ac — v c J ba 
and symmetrising over ah gives the desired conclusion. □ 
Proposition 1. If J ab is skew, then the requirement that 

(3) V( a J ) c = /3( a Jb)c 
for some 1-form (3 a is projectively invariant. 

Proof. From Lemma [TJ if V a is replaced by V a according to (J2]), then 
03]) still holds but with j3 a replaced by (3 a = (3 a — 3u a . □ 
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4. CONFORMALLY FEDOSOV MANIFOLDS 

Let (M, [J]) be a conformally symplectic manifold. We may express 
the requirement ([]]) in terms of any torsion-free connection V a as 

(4) V[ a Jbc] = 2a[ a Jbc]. 

Now let us also insist on ([3]). As observed in Proposition (TJ this is only 
a restriction on the projective class of V a - We may assemble these 
conditions into the following formal definition. A conformally Fedosov 
manifold is a triple (M, [J], [V]) where 

• M is a smooth manifold of dimension 2n > 4, 

• [J] is an equivalence class of non-degenerate 2-forms defined up 
to rescaling J i-> J = Q 2 J for some positive function Q, 

• [V] is a projective structure, i.e. an equivalence class of torsion- 
free connections defined up to (j2J) for some 1-form v a , 

• the following equations hold 

(5) V[ a Jb c ] = 2a[ a J bc ] V[ a a b ] = V( a Jfc) c = 0{ a Jb)ci 
for some 1-forms a a and j3 a . 

We have already observed that the requirement (jlj) depends only on 
the conformal class of J ab (and that V[ a ct b ] = is automatic for n > 3). 
Proposition [1] says that ([3]) is projectively invariant. Finally, to make 
sure that this definition makes sense, let us observe that (EJ) is also 
conformally invariant: if J ab = Q 2 J ab) then ([3]) continues to hold but 
with (3 a replaced by j3 a = f3 a + 2T a . 

We shall often have occasion to 'raise and lower' indices using J ab and 
its inverse J ab . Specifically, let J ac J bc = d~ a b , where 5 a b is the Kronecker 
delta. We then decree that 

<f) a EE J ab <P b lfj b EE r J ab 

and henceforth freely make use of these options without comment. 

Proposition 2. Let (M, [J], [V]) be a conformally Fedosov manifold. 
Any representatives J ab and V a of the structure uniquely determine the 
1-forms a a and (3 a occurring in (j5J) and, conversely, 

(6) V a Jfec = 2a.[ a J bc ] + \fi( a Jb)c — lP( a Jc)b 

determines the full covariant derivative V a J bc . 

Proof. Let J ab denote the inverse of J ab . Then the identities 

3 J bc V [a J bc] = 2{n - 2)a a and 2J bc V {a J b)c = (2n + l)(3 a 
readily follow from (JSJ). Conversely, expanding the right hand side of 
2at[ a J bc ] + §/3( J"b) c — 1(i( a Jc)b = V[ a J(, c ] + |V( a Jfe) c — |V( a J c )6 
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gives V a Jbc, as required. □ 

Proposition 3. For any conformally Fedosov manifold (M, [J], [V]), 
if a representative 2- form J ab is chosen, then there is a unique torsion- 
free connection in the projective class such that 

(7) V a J 6c = 2J a [ b a c ]. 

Proof. When the connection V a is replaced by V a according to (J2]), 
the 1-form a a does not change but (3 a is replaced by f3 a = (3 a — 3u a , 
Therefore, we can uniquely arrange that a a + (3 a = 0, in which case (|6]) 
implies that 

Va^fec = 2aq a J bc \ — \a>( a J b ) c + |a( a J c ) fc 

and expanding the right hand side gives 2J a [ b a c ], as required. □ 

In view of this Proposition, an alternative definition of a conformally 
Fedosov manifold is as follows. Firstly, define an equivalence relation 
on pairs (J, V) consisting of a non-degenerate symplectic form J ab and 
a torsion-free connection V a by allowing simultaneous replacements 

(8) Jab ^ Jab = Q2Jab where T a = V a \ogQ. 

Writing [J, V] for the equivalence class of such pairs, a conformally 
Fedosov manifold may then be defined as a pair (M, [J, V]) such that 
([7j) holds (and one can check directly that ([7]) is invariant under ([8]) if 
one decrees that a a i— > a a = a a +T a ). For the rest of this article we shall 
adopt this alternative definition of a conformally Fedosov manifold. By 
analogy with ordinary conformal structures, we shall refer to the pair 
[J, V] as a conformal class. 

Proposition 4. Any conformally symplectic manifold (M, [J]) can be 
extended to a conformally Fedosov structure (M, [J, V]). 

Proof. Pick a representative 2-form J ab . We are required to find a 
torsion- free connection V a such that ([7]) is satisfied for some 1-form a a . 
Recall that the 1-form a a is already determined by (jlj) independent of 
choice of V a - Locally, there is no problem in finding a suitable V a : 
choose Q such that J ab = £l 2 J a b is closed and define V a by ([8]) where 
V a is the flat connection in Darboux coordinates for J ab . We may use 
a partition of unity to patch these connections together. □ 

Proposition 5. Equation (J7J) is equivalent to 

(9) V a J bc = 2aH a c \ 
where a b = J bc a r . 
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Proof. Recall that Jb c J hd = $c d - Differentiating this and substituting 
from (J7J) gives 

= Jbc^ a J bd + 2J a [ b a c ] J bd = JbcV a J bd - 5 a d a c + J ac a d - 
Therefore, 

V a J bc = J be J de V a J dc = J be (5 a c a e - J ae a c ) = 5 a c a b - 5 a b a c , 
as required. □ 

Corollary 1. A projective structure [V] cannot necessarily be extended 
to a conformally Fedosov structure. 

Proof. That equation Qj hold for some vector field a a is equivalent to 
requiring that 

the trace-free part of (V a J bc ) = 0, 

which is a system of finite type as explained in [2]. Hence, there are 
obstructions to its solution (and writing it as (Q is the first step in its 
prolongation). □ 

5. Curvature 

For any torsion-free affine connection V a , the curvature R a b c d of V a 
is characterised by the equation 

(10) (V a V b - V b V a )X c = R ab c d X d . 

Recall that we are free to 'lower an index' and write the curvature as 
R a bcd in the presence of a non-degenerate 2-form J ab . 

Theorem 1. Choosing any representative 2-form J a b and connection 
V a of a conformally Fedosov manifold (M, [J, V]), the curvature R a b c d 
of V a may be uniquely written as 

Rab°d = W a b C d + ^a^bd ~ ^Pad, 

where P a b is a symmetric tensor and W a b c d satisfies 

(11) W ab c d = W [ab] c d w [ab c d] =o w ab a d = o. 

Under conformal rescaling ([HD, the tensor W a b c d is unchanged whilst 

Raft — Pab — V a T b + T a T fe . 
Furthermore, the tensor W a bcd rnay be uniquely decomposed as 

W a bc d = Vabcd — z^ZiJac^bd + ^n^l^bc^ad + Jad^bc ~ Jbd&ac + 2Jab&cd, 

where 

(12) Vabcd = V[ab](cd) V[abc]d = J^Vabcd = 

and &ab is symmetric. 
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Proof. The curvature of any torsion-free connection may be uniquely 
and conveniently written as 

(13) R ab c d = W ab c d + 26 [a c P b]d + (3 ab 5 c d 

where W a b c d satisfies (fTTj) and (3 a b = — 2P[ a b]- Let us suppose, for the 
moment, that V a J bc = 0. Then, together with the Bianchi identity, we 
have 

(14) Rabcd = R[ab](cd) and R[ a bc]d = 0, 

corresponding to an irreducible representation of SL(2n, M). Branching 
this representation under Sp(2n, R) C SL(2n, K) gives 

(15) Rabcd = Vabcd + Jac&bd ~ Jbc^ad + Jad^bc — Jbd^ac + 2J a b&cd, 

where V a b cd satisfies (fT2l) and $ a {, is symmetric. From (Tl3l) we see that 

J° d Rabcd = J Cd (W a bcd + Jac^bd ~ Jbc^ad ~ fiabJcd) = —(2n + l)(3 a b 

whereas f|T4|) implies that J cd R a bcd should vanish. Therefore f3 a b = 
and consequently P a {, is symmetric. Thus, we have 

/.,„s Rabcd = Wabcd + JacPbd — JbcP ad 

(lb) 

= Vabcd + Jac&bd ~ Jbc&ad + Jad^bc ~ Jbd&ac + 2J a fe$cd 

from (Tl3|) and ffl5|) . respectively. Now computing J bc R a bcd from each of 
these two decompositions gives (2n — l)P a d = 2(n + l)$ ad . Substituting 
back and rearranging the result gives the decomposition of W a bcd as in 
the statement of the theorem. 

This was all under the assumption that V a Jbc = and locally, there 
is always a connection V a and 2-form J a b in the conformal class [J, V] 
for which this assumption is valid. In general, we must see how our 
conclusions are affected by a conformal change (IH|). The decomposition 
( IT3|) is familiar from projective differential geometry [6] and, since OH]) 
is controlled by a closed 1-form T a , we have (3 a b — whilst 

Wab C d = W ab c d and P ab = P ab ~ V a T b + T a T b . 

Finally, having a lowered index, we see that W a bcd = Q 2 W a b c d and the 
algebraic decomposition of W a bcd given in the statement of the theorem 
remains valid with 

Vabcd = & Vabcd and $ afc = $ a6 . 
This completes the proof. □ 

On a conformally Fedosov manifold, although J a b is only defined up 
to scale, the local stipulation that V a Jbc — for some torsion-free 
connection V a in the projective class characterises a globally defined 
affine connection whose curvature decomposes as ( fT5l) (also depending 
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only on J ab up to scale). More generally, the proof of Theorem [T] 
decomposes the curvature into three Sp(2n, R)-irreducible parts, 

t t ^210 0,0 ^ ^200 0,0 td ^ 2 /0 

Vabcd t • ^ab C ■ -Ht^* * ab t • -Ht^* 

according to 

(17) Rabcd = Kbcd + 2J ab § cd — 2$ c [ a J b ] d + Jc[a®b]d ~ 2J c [ a Pfc]rf 

and under conformal change ([H]), we have 

Vabcd = Q 2 V a b c d $ a b = $ a 6 P a (, = P a ;, — V a T{, + T a Yfe. 

It is easy to give explicit formulae for these parts, viz.:- 

P bd = 2^T[J aC Rabcd ®cd = 8(n+l)(n-l) {^^abcd - 2P CC () 

and V a b c d is then determined by ( TTTT) . As an example, the curvature of 
CP n with its standard Fubini-Study metric is given by 

Rabcd = QbdJac ~ g ad J be ~ Qac-hd + 9bcJ ad + ^JabQcd 

and one easily computes that 

2(n+l) 

■Tab — 2n-l 9 ab ab ~ 9 ab V abcd — U. 

As in the proof of Theorem [T], it is often convenient locally to work 
in a gauge in which a a = for then V a -hc = and the curvature -R a f>cd 
decomposes according to (fT5|) . Also recall from (Tl6|) that 

(18) (2n-l)P a6 = 2(n + l)$ ab . 

We shall refer to a choice of pair (J a b, V a ) from a conformally Fedosov 
structure [J a &, V a ] for which V ' a -hc = as a Fedosov gauge. This is 
in accordance with the notion of Fedosov manifold [8 J . We pause here 
to examine some consequences of the Bianchi identity V[ e R a b]cd = 0. 
From (I15p we conclude that 

= 3J de V[ e Rab]cd 

= V d V abcd + Jac^bd ~ JbcV d $ ad + V a $ 6c - V b $ ac 

- V a $6 C - 2nV b $ ac - V a $bc + V b $„ c + 2nV a $bc + V 6 $ ac 
+ 2 J ab V d $ cd + 2V a $ fec - 2V 6 $ ac 

= V d V abc d + JacV d $ bd ~ JbcV^ad + 2J ab V d ^ cd 

+ (2n + l)V a $ 6c - (2n + l)V fe $ ac . 
This suggests that one introduce the tensor 

Yabc = V a $ 6c - V fe $ ac + ^+l(JacV d $ bd ~ Jbc^ad + 2J ab V d $ cd ) , 

noting that 

Yabc = Y[ ab ] c Y[ abc ] = J ab Y abc = 0. 
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We have established the contracted Bianchi identity 



(19) 



V d V abcd + (2n + l)Y abc = 0. 



For later use, it is convenient to introduce the tensor S a 
so that 



2n+l 



(20) 



Yr, 



abc 



Va^&c — Vb&ac + JacSb ~ JbcS a + 2JabS c - 



6. The tractor connection in conformal geometry 

Here we review the construction of the conformal tractor bundle and 
its connection following the conventions of [3j [6]. We omit all details. 
The purpose of this section is to establish notation and to motivate the 
corresponding construction in the conformally Fedosov setting. 

Firstly, we recall that the bundle A°[io] of conformal densities of 
weight w is defined as the trivial bundle A in the presence of a chosen 
metric g a b in the conformal class [g a b\- Its smooth sections may then be 
identified as smooth functions but if a different metric is chosen, say 
g a b = Q 2 g a b, then the corresponding functions are obliged to change 
according to o = Q w a. A similar notion applies to tensors and tensor 
bundles. In particular, a 1-form of weight w transforms according to 
Cj a = fi^Wa when g a b is replaced by g a b = Q 2 g a b and the corresponding 
bundle is denoted A x [w]. Tautologically, the conformal metric itself 
is a symmetric covariant 2-form of conformal weight 2. The standard 
tractor bundle T is defined in the presence of a chosen metric g a b to be 
the direct sum 

T = A°[1]©A 1 [1]® A°[-l] 

but if the metric is rescaled as g a b = fi 2 g a b, then this decomposition is 
mandated to change according to 



a 




fib 




P . 





p 



a 

/j, b + T b a 



where T a = V a log Q. 



For a chosen metric g a b in the conformal class, the tractor connection 
is defined by 





a 




V a cr - \l a 




Pb 




^aPb + 9abP + PabO- 




P 




V a p - P a b /ifc 



where V a /i& is the Levi-Civita connection of g a b- One checks that this 
definition is conformally invariant. As detailed in [3], this construction 
is essentially due to T.Y. Thomas [12] and is equivalent to the Cartan 
connection [4] constructed three years earlier. 
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7. A CONFORMALLY FEDOSOV TRACTOR CONNECTION 



Firstly, we shall build a tractor bundle on a conformally Fedosov 
manifold, a vector bundle which we shall then endow with a canonically 
defined connection. As usual, given a conformally Fedosov manifold 
(M, [J, V]), definitions will be given in terms of chosen representatives 
J a b and Vffl and then we shall check that these definitions respect the 
allowed freedom (JBJ). Firstly, we define the bundle A°[w] of conformal 
densities of weight w as the trivial bundle in the presence of chosen 
representatives (J a (,,V a ) but, under the allowed replacements ([HD, its 
sections regarded as functions are decreed to change by b = Q w o. 

For chosen representatives, the vector bundle T is defined as 

T = A°[1]© A x [l]® A°[-l] 
but this splitting is decreed to change as 





b 




(21) 


Pb 






P 





p 



o 

p b + T b o 
T b p b + T b a b o 



under (JS}, where a a is defined by ([7]). We may check this decree is 
self-consistent as follows. 

b = b = o , 

fib = flb + Y 6 (3- = [i h + T fe cr + Y b cr = /J, b + (T fe + Yfe)cr , 

p — p — T b p b + T b a b d- 

= p- T b p b + T b a b a - f b (p b + T» + f b (a b + T b )cj 

= p -( T b + fb)Pb + (r b + f b )a b o-. 

There is a non-degenerate skew form defined on T by 





a 




a 


(22) / 


Pb 




Pc 




P 




P 



Op - J bC p b p c 



per = op + p p b - pb, 



(which one readily checks is preserved by (T2~T1) ). 

Although not yet the tractor connection, consider the connection D 
on T defined by 



(23) 



o 




Hb 




p 





V a CT - p a 
V a yUfe - JabP + PafcO" ~ Jab^Pc 

V a p - P a b Pb - (2a b P ab + a b V a a b )o 



Proposition 6. The connection (T2"3"|) is well-defined, i.e. is independent 
of choice of representatives (J a b, V a ), and preserves the skew form (|22|) . 
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Proof. Recall that (0) can be rewritten according to Proposition |5] as 

V a J fec = 2 a [V ] - 
We shall show in Lemma [2] below that this leads to 
(24) V a T fe = J bc V a T c + T a a b + T c a c 5 a b . 

For convenience, let 



T a = 2a b P ab + a b V a a b . 



Now we compute 



D n 



a 




Pb 




P 





^ V a a - p a 

Va/ife - Jabf> + PabO- ~ J a b&°pc 

V a p + P ab fi b - f a & 

V a a - (fjL a + T a a) 
V a (p« + T 6 a) - J ab (p - T c p c + T c a c cr) 

+ (Fob - V a T 6 + T a T b )a - J ab (a c + T c )(/i c + T c a) 
V a (p - T c /i c + T c a c a) 

+ (P ab - V a T b + T a T 6 )(p 6 + T b a) - f a a 



V a a + T a cr - (p a + T a a) 
V a (p 6 + T b a) - T 6 (p a + T a«") - Jab(p ~ Y c p c + T c a c a) 

+ (P^ - V a T 6 + T a T 6 )<7 - J afc (a c + T c )(p c + T c a) , 
V a (p - T c p c + T c a c a) - T a (p - T c p c + T c a c a) 

+ (P ab - V a T b + T a T b ) (p fe + T b a) - f a a 

which enjoys some cancellation when expanded, yielding 

V a cr - p a 

V a p b - J ab p + P ab a + T b (V a a - p a ) - JabOL C Pc 
V a p - (V a T c )(p c - a c a) - T c V a p c + T c V a (a c a) - T a p 
- T a T c « c a + P ab p b - (V a T b )p b + P ao TV - (V a T 6 )T 6 a - f a a _ 

and, if we substitute for V a T c in accordance with ( 1241) . then a little 
more cancellation occurs, yielding 

V a (T - p a 

V a p D - J ab p + P ab a + T b (V a cr - p a ) - J ab a c p c 
V a p + P afe p b - f a a + 2T b P a6 a - T 6 (V a T b )a 

- a b (V a T b )a + T b a b a a a + T b (V a a b )a - T a T b a b a 

- T 6 (V a p 6 - J ab p + P ab a - J ab a c p c ) + T b a b (V a a - p a ) _ 
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But in Lemma [3] below we show that 

t = T a + 2T b P ab -T b V a T b 
1 J - a b V a T b + T b a b a a + T b V a a b - T a T b a b 

and so this expression reduces to 

V a <7 - Ha 

V a p b - J ab p + P ab a - J ab a c p c + T b (V a CT - p a ) 
V a p + P ab p b ~ T a cr 

- T b (V a Pb ~ JabP + PabO" - J a b& C Pc) + T b a 6 (V a OT - p a ) _ 

which is exactly 





o 




V a cr - ^ 


D a 


Pb 




^aPb - JabP + Pab<y ~ Jab^Pc 




P 




V a p - P a b Pb ~ T a a 



as required. 

Finally, we compute 



D n 



o 




b 




o 




o 


Pb 




Pc 


H 


Pb 


,D a 


Pc 


p 




P . 




. P 




P _ 



V a (crp) - J bC V a (pbPc) - a b PbPa + & PaPc ~ V ' a (p&) = 

V a ((7p) - J bc V a (pbPc) ~ a b 5 a C pbPc + a C 5 a b pbPc - Va(p5-) 
V a ((Tp) - J bC V a (pbPc) - iy a J bC )Pb~Pc ~ V a (pa) = 





a 




cr 


V a (ap - J bc p b Pc ~ per) = V a / 


Pb 




Pc 




P 




P 



as required. 

Lemma 2. TTie identity fl24|) holds. 
Proof. We compute 

V a T 6 = V a (J bc T c ) = J bc V a T c + (V a J bc ) T c 
and we substitute from (J9J) to conclude that 

V a T 6 = J 6c V a T c + (a V - a c 6 a b ) T c = J 6c V a T c + a b T a - a c T c 6 a 
as required. 

Lemma 3. The identity (|25|) holds. 
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Proof. We compute 
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2a b P 



„,, = 2(a b + T b )(P ab -V a T b + T a T b ) 

= 2a b P ab + 2T b P ab - 2T & V a T 6 - 2a b V a T b - 2T a T b a b 



and 



T 6 )T 6 (a a + T a ) 



(a b + T b )V a (a b + T b ) 
a b V a a b + T b V a T b 

+ a b V a T b + T b a b a a + T b V a a b + T a T b a b . 



Adding these two equations gives (125]) . as required. 
Proposition 7. The following two homomorphisms T — > A 1 <g> T 



□ 



a 












Pb 




®abO- 


or 





P 




$ a6 /i b + 2(V b $ a6 )o- 




(V 6 $ a6 + a a $ ab )a 



are invariantly defined. 

Proof. Since V c $ ab = V c $ a6 = V c $ afe 
«a = «a + T a it follows that 



2T c $ a6 - T a $ c6 - T fe $ ac and 



V b l> ab = V fe $ a6 - T b <t> ab and a a $ ab 
The required verifications are immediate. 



a% ab + T a $ ab . 



□ 



Finally, the tractor connection on T is defined by modifying D a from 
fl23|) by appropriate multiples of these homomorphisms. The precise 
formula is 



a 
I'b 
P 



V a (T - H a 

V a /ife - J ab p + P ab a - ^ZY^afeCT - J a bOL C Pc 

v aP + P ab/ ? - 2^ W - 2^r(v ft $a6)o- 



(2n+l)(2n-l) 

Theorem 2. T/iis connection is well-defined, i.e. is independent of 
choice of representatives (J a b, V a ). It preserves the skew form ( 122|) . /fe 
curvature is given by 



V a bcdp d + Y abc O 

Y abc p c ~ ^(V c F afec - K 6ce $ c > 





a 




(V a V 6 - V 6 V a ) 








p 





2 J, 



u6 



S c p c - ±($ de $ de + V c S c )a 



in Fedosov gauge. 
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Proof. Mostly, these properties are inherited from the corresponding 
properties of D a as demonstrated in Proposition It only remains 
to compute its curvature. According to (118]) the tractor connection in 
Fedosov gauge is given by 



(26) 



a 




V a a - p a 


Pb 




V a p b - J ab p + $ afe (T 


P 




V a p + $ ab p b - S a a 



where recall that S a 
We compute 



1 v b (T) 

2n+l V ^ 





a 




V b cr - fjL b 


v a v fe 


Pc 


= v a 


Vfe/i c - JbcP + $bcO- 




P 




V b p + § bc p c - S b a 



V a (Vfo(T - fib) ~ {VbfJ-a ~ JbaP + $6 a 0") 
V a (V b /i c - J bc p + $ fec (T) - J ac (V b p + - 5 6 (T) 

+ $ ac (V 6 (T - 

V a (V b p + $ 6c p c - S 6 cx) - $ a c (V b /i c - J fec p + $ 6c a) 

- S a (y b cr - p b ) 



Therefore, 
(V a V 6 - V b V a ) 



a 

Pc 

P 



-ZJabP 



(V a V 6 - V 6 V a )p c - Jac$bdp d ~ ®acPb + Jbc®adp d + ®bcPa 

+ (V a $ 6c - Vfe$ ac + J ac S b - J bc S a )a 

(V a $ bc - V 6 $ ac + J ac S b ~ JbcS a )p C 

- (V a S b - V b S a + 2$ a c $ bc )a 
However, from (fT5|) we see that 

(V a V fo - V fo V a )p c = R a bcdP d 

= V abcd p d + J ac $ bd p d - J bc $adP d ~ ®bcPa + ®acPb + 2J ab $ cd p d 

and, if we also substitute from (12"U|) . then we obtain 



(V a V b - V b V a ) 



a 

Pc 

P 



-2 JabP 

V ab cdP d + 2J ab $ cd p d + (Y abc - 2J ab S c )a 
(Y abc - 2J ab S c )p c - (V a S b - V b S a + 2$ a c $ 6c )a 
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Lemma H] below allows us to rewrite this expression as 

-2J ab p 

V abcd /J d + 2J ab $ cd fi d + (Y abc - 2J ab S c )a 
_{Y abc - 2J ab S c )fi c - ±(V c Y abc -V abce $ ce -2J ab ($ de <5> de + V c S c ))a_ 

as required. □ 

Lemma 4. The identity 

V c Y abc = V abce ^ + 2 J ab {$ de ¥ e + V C S C ) + 2n(V a S b - V b S a + 2$ a c $ 6c ) 

holds in Fedosov gauge. 

Proof. Using ( ITUl) to commute derivatives 

VdVa^tc = (V d V a - V a V d )$ fec + V a VA 

= R dab e® e c + Rdace®b e + V a V d $ 6c , 

whence 

V c V a $ 6c = # c afee $ e c + R c ace $ b e + V a V c $ 6c 

= R c abe $ e c + R c a A e + (2n + l)V a S 6 . 

Substituting from (fT5l) gives 

V c V a $ bc = K cbe $ ce + 2n^ bc + J ab <$> de ¥ e + (2n + 1) V a S b 

and, similarly, 

V c V fe $ ac = Hcae$ ce - 2n$ a c $ 6c - J ab <S> de <S> de + (2n + l)V 6 S a . 

Noting that V ac b e — Vf, cae = V^6ce 3 we may subtract these two equations 
to obtain 

v c v a $ 6c - v c v b $ ac 

= V abce ® ce + 4n$ a c $ bc + 2J Qb $ de $ de + (2n + l)(V a S b - V b S a ). 

Therefore, from the formula (T2QT) for Y abc , we conclude that 

V c Y abc = V c V a $ fec - V c V fe $ ac - (V a 5 b - V fe S a ) + 2J ab V c S c 
= Vabce$ ce + 4n$ a c $ bc + 2J ab $ de $ de 

+ 2n(V a 5' 6 - V b S a ) + 2J ab V c S C} 

as required. □ 

Theorem [2] has the following immediate consequence. 

Corollary 2. The curvature of the tractor connection has the form 

(27) (V a V fe - V fe V a )S = 2J a6 6S 

for some endomorphism of T if and only if V abcd = 0. 
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Proof. Notice that the curvature in the statement of Theorem [2] is split 
already into its irreducible components according to 

A 2 g> End(T) = A 2 ± ® End(T) © End(T), 

where denotes the 2-forms that are trace-free with respect to J a b- 
That the curvature has the form (1271) is precisely that the component 
in A^ <g> End(T) vanish, i.e. that 



cr 







Hb 




V a bcdP d + YabcCT 


P 




. W - i(V c r o6c - V abce $ ce )a 



vanish identically. Clearly this implies that V a b c d = but then the 
contracted Bianchi identity ffl9|) implies that Y a bc = 0. □ 



We may further pursue the consequences of V a b c d = as follows. 

Lemma 5. When (|27|) holds and the homomorphism G is written in 
Fedosov gauge, then V a = 0. 

Proof. When f[2T|) holds, the Bianchi identity for the connection V a on 
T implies that V[ a (^6c]@) = 0. In Fedosov gauge, this may be rewritten 
as J[6 C V a ]0 = 0. Non-degeneracy of Jb c implies that V a 6 = 0. □ 

From Theorem [2j when (I2TJ) holds the homomorphism G is given in 
Fedosov gauge by 





a 




~P 











§ bc p c - S b a 


, where X = ±{<$> de § de + V c ^ c 




P 




Xa — S c fi c 



But, by using the invariant symplectic form (1221) on T, we can equally 
well view 9 as a section of ® 2 T. Specifically, 



(2* 



e 



o 
o 



o 





s b 

-X 



Note that is symmetric (as must be the case since V a preserves the 
symplectic form ( 1221) on T). 

Theorem 3. If V a b c d = 0, then 

(29) (V a $ bc ) = 

in Fedosov gauge, where ( ) means to take the trace- free part. 
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Proof. From ( |26l) and ( 1281) we compute 

v a e = 



oo o 

-V a <5> bc - J ab S c - J ac S b V a S b + J ab X - $ ac $ 6 c 
V a 5 c - $ afe $ b c + J ac X -V a X + $ ab S b + ® ac S c 



From Lemma [5] we conclude that 

(30) VA + J ab S c + J ac S b = 

and raising indices with J ab gives 

V a $ 6c + 6 a b S c + 6 a c S b = 0, 
as required. □ 

Several remarks are in order. Firstly, notice that ( |30l) is only an extra 
condition on V (a $ b)c since V [a § b]c +J ab S c -J c[a S b] = \Y abc in accordance 
with (1201) . Secondly, the partial differential equations (1291) are the well- 
known mobility equations [10] of projective differential geometry whose 
non-degenerate solutions <3> afc are in one-to-one correspondence with 
(pseudo-)metrics having connection in the projective class [VJ of V a . 
Thirdly, the other components of V a O apparently give rise to a whole 
system of equations, 

V a $ fec + 5 b S c + 5 a c S b = 
V a S b + 6 a b X - $ ac $ fec = 
V a X-2$ ab S b = 

but, in fact, this is exactly the prolongation of the (|29|) as derived in [7]. 
Therefore, the vanishing of V a is precisely equivalent to the mobility 
equations (|29|) on $ afe . As described in [7], for (129]) to admit any non- 
zero solutions imposes further non-trivial conditions on the projective 
structure [V ]. If $ a fe = 0, however, then the connection V a is flat, 
as can be seen from fll5p . Finally, notice that the partial differential 
equations (f2§|) are actually much stronger than the mobility equations 
alone because $ ab is actually part of the curvature of V a . 



7.1. Examples. In view of the strength of equations (129]) it is not easy 
to provide any non-trivial examples of a conformally Fedosov structure 
with V abc d = 0. Complex projective space CP n with its usual projective 
structure and symplectic form certainly provides the best example. In 
this case, recall that 



Vabcd = and $ a6 = g ab 
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so CP n is not projectively flat. In Fedosov gauge S a = and 







-1 

-Qbc 









as a section of 2 T. 

Another example may be based on S 1 x S* 2 ™ -1 with its conformally 
symplectic structure induced by the dilation invariant 

Jab = (l/||o;||) 2 u; a6 

on M 2n \ {0}, where u a b is the standard symplectic form 

Uat, dx a dx b = dx 1 A dx 2 + dx 3 A dx 4 + • • • . 

The flat connection d a on R 2n \{0} is also dilation invariant whence the 
pair ( J a b, d a ) defines a dilation invariant conformally Fedosov structure 
on 

-2{xJ\\x\\ 2 )J bc 



l 2n \ {0}. Indeed, 

9 a J 6c = 2(5 a log(l/||a;||))J 6c 



so ([5]) holds with a a = — x a /||x|| 2 and (3 a = — 2x a /\\x\\ 2 . The proof of 
Proposition [3] shows that we should take 

V a b = d a cj) h + x a cj) b /\\x\\ 2 + x b ct) a /\\x\\ 2 

as the unique projectively flat connection so that ([7]) holds. Notice 
that, although 

Vabcd = and $ ab = 
in this case, the curvature of the corresponding tractor connection is 
not flat. Indeed, we have (V a Vfc — Vf,V a )S = 2J a f,6S where, as a 
section of 2 T, 

x c /||x|| 2 
-XbXc/WxW 4 x b /\\x 
x c /||x|| 4 -l/||x|| 4 







-1 

x b /\\x\\ 2 

-1/lkll 2 



1/lkll 2 

4 



which has rank 1. 
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